ON THE DISTRIBUTION OF QUADRATIC NON-RESIDUES
AND THE EUCLIDEAN ALGORITHM IN REAL
QUADRATIC FIELDS. II

BY
LOO-KENG HUA AND SZU-HOA MIN

1. Introduction. It is the purpose of the paper to establish the following
result(?):

For a prime p=17 (mod 24), there is no E.A. in R(p'?) except possibly
for p=17, 41, 89, 113, and 137.

It is known that for p=17, 41 the field is Euclidean. The only doubtful
cases are p=289, 113, and 137.

The method used is a refinement of the previous paper, by introducing
Euler’s summation formula and a new estimation of character sum.

The numbering of theorems and lemmas continues from I, and the nota-
tions of I are preserved, for example p denotes a prime, [£] denotes the
integral part of £ and ¢, <¢;<g; denote the least three primes which are quad-
ratic non-residues, mod .

2. Lemmas involving primes.

LemMmA 17. For 11 £x =108,
iz —lix?<nw(x) <lix
(Rosser, Theorems 1 and 3).
LeEmMMA 18. For x =400, ¢(x) > (1—0.139)x.

Proof. For x<10% use Theorem 7(%) of Rosser, and for x>10% use
(10)(®) of Rosser.

LEMMA 19. For 401 <a<bZa?,
1.2142

1
— <
esqsbs ¢ aloga

where g runs over primes.

Presented to the Society, October 28, 1944; received by the editors November 29, 1943,

(1) Editor’s footnote. The proof given here is entirely different from that given in L. Rédei,
Zur Frage des Euklidischen Algorithmus in quadratischen Zahlkiorpern, Math. Ann. vol. 118
(1942) pp. 588-608. In that paper Rédei proved that the Euclidean algorithm does not exist in
quadratic fields R(uY?) if u>41 has the form 24n+17. The paper is unknown to the author
and arrived only recently in this country.

(®) For 0<x <108, x—2.78x12<8(x).

(3) For x>e13-8, 9(x) > (1 —0.0393)x.

547
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Proof. By Lemma 1 (of I) and Lemma 18,

‘1 < d(n) —9(n — 1)
osesb 91 asnse n?log n

- o0 : )
aSnSh ntlogn (n+ 1)2log (n+ 1)
3(d) d(e — 1)
T or e log b+ 1) a’loga
1 1
< 1'0376(@%;,”(”2 log » h (n+ 1)2log (n + 1))
b ) (1—-0.139)(a — 1)

+
b+ 12log b+ 1) a’log a
1 0.1766(e — 1
=1.0376 =D
asnsb nilogn a?log a

1.0376(1 1 1) 0.1766

loga \a b a? aloga

1.2142
< .

aloga

3. Some results concerning trigonometrical sums.

LeEMMA 20. If A is an integer not less than 1, 0<y=<7/24, and [xl =1, we
have

4 sin xyn
2 (=) — =1L
i sin yn

Proof. Without loss of generality we assume x>0. The function sin x2/sin 2
increases monotonically for 0<z=<w/2. In fact

d sin xz  «x sin z cos xz — cos z sin xz

- ’

dz sin z sin? z -

since the numerator of the expression vanishes at 3=0 and its derivative is
(1 —x2) sin 2 sin 220 for 0<z=<m/2.

Thus the sum is an alternating series with .increasing absolute values of
terms. Since 0<x=<1and 0<yn<w/2, we have

0 < sin xyn/sin yn < 1;

the lemma follows immediately.



1944] THE DISTRIBUTION OF QUADRATIC NON-RESIDUES. II 549

LEMMA 21. Let A be an integer not less than 1 and m be a positive integer not
greater than p/2A and let

:‘u—lz):nml (sin i(A + Dma/ 1’)2.

Sm = Sn(d) =2 —1 sin mmx/p
Then
| Sm— 24+ D/m+ A4+ 1)2| <34+ 1
and

=pA4+1)—-A+ D
Proof. For the sake of brevity, we write
e(x) = e2‘riz,

and we use Rx to denote the real part of x.
We have

[(p—1)/2m] A

2% 33 emna/p)

z=1 am=0 n=—a

Sm

[p ](A+1)+4EZ

R(M(’ﬂﬂ/ﬁ)([(? = 1)/2m] + 1/2)) — e(mn/2p) + e(— mn/2?))
2(e(mn/2p) — e(— mn/2p))

[P_ ](A+l)-—A(A+1)

2m
L& e(lmn/p)([(p — 1)/2m] + 1/2))
+4 z.‘i ,.z.:l R e(mn/2p) — e(— mn/2p)

=2[”2; ](A+1)—A(A+1)

42 ﬁ: 5 sin ([(p — 1)/2m] + 1/2)2xmn/p

am1 n=1 sin mmn/p

II

[p;n ](A +1)—A@A+1)

+2 i Z": (= 1) sin ([(p — 1)/2m] — p/2m + 1/2)2xmn/p

am1 n=1 sin wmn/p

[1’2— ](A+1)—A(A+1)+2A0
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where |0[ =1, by Lemma 20, since m<p/24 <p/2a and
—14+1/2m < [(p — 1)/2m] — (p — 1)/2m £ 0.
Since
24+ =2[p-D/2m)JA+1) - pA+1)/m= — (44 1)/m <0

we have
—44 —2< Su—pA+1)/m+ A4 + 1) < 24.

Hence the inequality of the lemma follows.
In particular, when m =1, we have § =0. Hence the equality follows.

LeEMMA 22. For =0,

© sin?wna w2

> = — ({a} — {a}?),

n=1 n? 2

where {a} =a— [a].

(See, for example, Whittaker-Watson, Modern Analysis, 4th ed., Example
3, p. 163.)

LEMMA 23. Let A =0, m>0, then
4 8 2 4+1 A+4+1 2 5
-fen-f(fenm ey
w*m  wt m? ? 4 6m
Proof. (1) Using sin x <x for 0 Sx <7 /2, we have

(p-D/2ml sin? (4 + 1)mz/p

Sm > 2
z=1 (mx/?)z
2p% /=2 sin? 7(4 + V)mx/p © 1
> (2 2 - = )
M\ =1 x z=[(p~1)/2m]+1 ¥
S 2p? (i sin? 7(4 4+ V)mx/p _ Z_m _ 4&2),
mim? \ o1 x? ? P’

since [(p—1)/2m]+1>(p—1)/2m— (2m—1)/2m~+1=p/2m and

i 1<f"° dx 4m?* 2m  4m?
a=[(p—1)/2m]41 &

siam %0 PP 14 »*

By Lemma 22,

Sm>£({(A+1)m}— {(A'!‘l)m}?)_‘l_ﬁ_f_.
m? ? ? Tim w2

(2) For 0 =x=0.44, we have
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1—-—2)?s1+4 5%
and for 0 <x=w/2, we have
sin x > x — x%/6.

Therefore, for 1<x=(p—1)/2m,

1 1 p? Swim2x?
- < < (1 + )
(sin mmx/p)2  (w'm2x?/p?) (1 — w*m?x%/6p%)%  wimix? 6p2

since
mim?xt/6p? < 7%/24 < 0.44.

Hence, by Lemma 22,

lp-Dj2ml p2 sin? w(4 + 1)mx Swmx?
Sn<2 3 4 ( ymz/p <1 4T )
~ 2m? %2 62
2p% (2 sin?w(4d + Dma/p 1> D/2m] Sp2m?
(Z + X )
wm? \ zo1 x? z=1 6P2

S - ey 2.

4. Result concerning character sums.
LeEmMA 24. Let p >10° and let

(=112 /g4 2
N=N4)=2 3’ (Sm wid + ”””) :
sin wx/p

z=1

where the prime denotes that the sum runs over quadratic non-residues mod p.
If 1=3, q2>pY?/31.5, ¢s = (p/5)V2, then, for 1 £ A <10p12, we have
N > 20p(4 + 1)/81 — 0.05314pp1/2,
Proof. We have
N > (Ss — So) + (So7 — Ss1) — S3q, — Z Sagy
(/8)250= (p-1)/6
where ¢ runs over the primes, since all positive integers less than 3(p/5)!/?
which are not divisible by ¢. but are exactly divisible by either 3 or 33=27
are quadratic non-residues, mod .
Since 24 X27<540p'?<p, we have, by Lemma 21,
Ss— So+ Sar> (1/3 = 1/9+ 1/27)p(A + 1) — (A + 1)2 — 94 — 3
= (7/20)p(A + 1) — (4 + 1)? — 94 — 3.

Since 81(4 +1) <810(pV2+1)<p, we have, by Lemma 23,

€))
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) Ss1 < p(A + 1)/81 — (4 + 1) + 55/486.
By the same lemma, we have

1 5p P’ Sp
3 Ssen < —— X — = + < 0.03909pp'/2,
3) g t e 36g | 18 4

2 2 2 2

since {x} — {x}2=1/4 for all x. Similarly,

P? Sp
> ose< 3 (E+E
(2/5)25qS (p—1) /6 (p/925gs (p-1/6 \36¢*>  18¢

p’ 1.2142 42 5p <l (Sp)”2 n (5 >1/2)
Y - ’
< 36 (3/5)"% log (/5)'1* 7% ?

by Lemma 19. Hence

1.2142(5)1/2 172
2 Sse < L2123 PPV —— 52 (5.9208 + 0.0023)
(/6595 (p-1) /6 36 X 6.103 18000
_ 271508 5XS5.9231
(4) 219.708 18000

= (0.01236 + 0.00165)pp"/?
= 0.01401pp' /2

By (1), (2), (3) and (4), we have

N > 20p(4 + 1)/81 — 94 — 3 — 5p/486 — (0.03909 + 0.01401)pp'/?
> 20p(4 + 1)/81 — 94 — 3 — 0.00002pp"/2 — 0.0531)pp!/*
> 20p(4 + 1)/81 — 0.05314pp/2.

'LEMMA 25. Let p=1 (mod 4) and
A a n
s=% 3 ().
a=1 n—l,aln P
Then under the conditions of Lemma 24, we have, for p'*<A <10p'2,
S < 414p'2/81 + 0.21256p.

Proof. We have
=55+ 2506
550+ E 2O+ E6)
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As in the proof of Lemma 5 of I, we have

i ()= T () (et

= 51(4)/2 — N(4).
Therefore, by Lemmas 21 and 24,

1
2pmsl(A) ~ s V@

+J@Qéﬂb;%ﬂ&—m+A

(p(A +1)—A+1)?—— p(A +1) +0. 106281;1;1/2)

S =

2p1/2

4= ([A—]-[“‘—]’-ﬂ [5]+o-toszsppr) + 4
2p1/2 2|3 3 TR ) #?

(81 pA+1)—A+1)240. 106281’1’”2>

3
2Pl/2

< 2Pl/2

41 4
(811: + 0. 106281)1)‘/’)

41
< g AP+ 0.21256p.

LEMMA 26, Let p=1 (mod 4), then under the conditions of Lemma 24, we have
gs < 3pl/2.

Proof. We have, for 4 <gs,

> 2 (3> T1-% Si+E T

am=1 nm=l 317» g=1 n=l, 814» a=1 n=1,q3|n a=1 n=1,3g3|n
> A4+ 1)/3 — (1/3¢2)A(4 + 1) — 24.

By Lemma 7 of I, we have ¢;< 7.5p‘/i< 10p'2, therefore for A =g;—1 we
have, by Lemma 25 (if 4 <p'2, the result is trivial),
(A4 + 1)/3)(1 — 1/q:) — 24 < 414p1/2/81 + 0.21256p,
(A(4 + 1)/3)(1 — 0.0375) — 24 < 0.50624p'/2 + 0.21256,
' 0.32084% — 1.67924 < 0.50624p + 0.21256p,
0.320842 — 0.50794p/2 — 0.21256p < O.



554 L. K. HUA AND S. H. MIN [November

Hence
4 < (1/0.6416)(0.5079 + (0.5079% 4+ 4 X 0.3208 X 0.21256)1/2)p1/2,

which implies
gs < 3pl2

5. Lemmas concerning sums.
LemMA 27. We have, for ¢>0,

<A+2><A—q)<§‘:[f_]<i<A_ (q—2)>2.

2q a-1L ¢ 2q

Proof. We have

AT, A4
S5]- 2+ 4w w0 [2o4]
=1L ¢ g<a<2q 2¢=a<3q ([A/91-1)gSa<[A/qlg L G

417
+ X [— |
[A/qlgSesa L ¢

(o[ Do (o)
LRI ) G- [
- 3410ee - [41e-

1
=2—(A~0q)(A—q+0q+2)

O O AR |

which lies between (4 +2)(4 —q)/2q and (4 —q/2+1)%/2q.

LeEMMA 28 (EULER'S SUMMATION FORMULA). Let bi(x) =x— [x]—1/2 and

ba(x) = %+fozb1(x)dx.

Let b>a and let g(x) with its first two derivatives be continuous for a <x<b.
Then

> g(m) = f ¢(2)dz + g(B)ba(— ) — g(a)bs(— a)
a=m<b
+ g/ (B)ba(— B) — g'(@)ba(— @) — f ¢ (2)ba(— ®)da.



1944] THE DISTRIBUTION OF QUADRATIC NON-RESIDUES. II 555

LEMMA 29. For a—N\g>3¢=9,

((“"“1)’3‘11li a e log log (a/(3 + N)) (3N + 10.7322)a
ot v+n 3 7 log ¢ 12(3 4+ \)3 log (a/(3 + N))
_ 3¢%0s(— (e — N\g)/39) + %y
aloggq 3q
—(-1—+l)zi 2 +liqb1(—a_>\q>+R,
2 3/ 342 3q

where R=1i g or 0 according as 3q does or does not divide a —\q.

Proof. Let g(x) =4 a/(3x+)\). Then

3a
8 = = G T N g /Gt )
9a(2 log (a/(3x + X)) — 1)
g'(x) =

Gz + N log? (a/(Bx + N)

and for 1 £3x+A=(1/e)a, g'’(x) is monotonically decreasing, since the func-
tion (2u—1)/4? is monotonically decreasing for > 1.
By Lemma 28,

[(a—\q) /34] a (a—\g) /3¢ a 1
> Ui = f li dt+— Ii
ot v+ 1 3+ 2 342

+liqb1(—a—)\q>+ :
3q 4(3 + N log (¢/(3 + N))
_ 3abs(—(e — N\g)/39)
(a/q)* log ¢
_ f“““’”q 9a(2 log (a/(3x + N)) — 1)ba(— x)d
1 (3x + N)3 log? (a/(3x + N))

x4+ R

1 3+ 1
2 g BN e L
3 log ¢ 3q 3

34+

PRI +1iqb,(- - M)
2 342 3q
a 3¢%:(— (a — N\g)/39)
43+ Ntlog B/B+N) alog g
31/2q0
12(3 + N)* log (a/(3 + N)) &

+

+

where 0 <1, since
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(a—\g) /3¢ a
f I dt
1 3t+4+ 2

1 a (a—\g) /3¢
=—\@t+ Nl
3(( * )z3t+7\>1

e f(a—xq)/aq d(a/(3t+ N))/dt
1 a/(3t + \) log (a/(3¢t + N))

(a—\q) /3¢ a a (a—\g) /3¢
= 3t+ N1 —-—(lo Io )
(( +)'3+x) 3 U 8%,

a a a log (a/(3 4+ X))
= lig—— @+ NI 2 og =T
3q,‘9 3( + )i3+)\+3 og log ¢

lf bo(— x)dx

The lemma follows immediately.

LeEMMA 30. Under the conditions of Lemma 29, and the condition \>0, we
have '

A [(a—)\q) /34) a

Ui
am=Ag yu( 3» + A

and

356-(4)

1 A
< ?A(A + 2) log log 3

2\ + 3)4 A
6 342
3\ + 10.7322 A
1200+ 3)* log A4/(3+ N

1 A
~ @A+ @+ Ngloglogg+ (A+ D li——

y
+—2%g(4A2+ 84 + (2\ — 3)%g* + 4) +
q

Q A AN xdx
+ <log + )— )\f
8logg\ "(B+Ng G+ Ng ¢« logzx
N3 4 N)? + 3\ + 10.7322 fww xdx
123+ ) ]

log x .

Proof. By Lemma 29, we have

4 l(a—kq)/aq] A [(a—\g) /3q] a
i = 2 li— 4 > > u
a=\g »=0 31’ + )\ a=Ag A a=(34\)g yu=1 v+

(*) For 0<x<1, fo'bg(—x)dx = [, (2 —x)/2+1/12)dx = (x/12) (2x* —3x+1), which takes
its extrema at x=(3 £3¥2)/6. For x=1, the integral equals zero. Since bs(x—1)=>by(x), we
have the required formula.
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. 4 g5 4 4 a lo 4 0/(3 4\
< li—detli—+ 2 —logg_(/_(—)).
Ae A N amGine 3 log ¢

A+ 10.7322<fA xdzx N 4 )
12(3 + )3 @ng log (x/(3+N) . log (4/3 + N))
A 3 2 — x
- q b2<_ a q)
a=(3+r)g @ lOg ¢ 3q
1
+‘E§(A + 2+ 39 — N -3¢+ 1liig
(1 N x)fA L d'
273 ) e 3N

+lig 3 <b1<— - M)+R’>

a=(3+A)g 3q

where R’=1 or 0 according as 3¢ does or does not divide a —\g.
It is plain that

4 x A . 4 xdx
lt——dx=‘Alz—-—)\qlzq—,f —)
A A ‘ A ae N log z/A

3 Zroglog—— <2 [ sloglog——dx + > log1
— log lo —- z log log x4+ —loglo
e 3 B3N "3 e 3+ 3 B8
1 4 ‘
=—{ A% log log —— — (3 4+ N)%2 log lo
_6( gg3+)‘(+)qggq)
+Al 1 A lf*‘ xdx
— log log - _
3 3+ 6 J 34r)q log x/(3+)\)
A by(— (e —N)/3 1 A 1
a=(3+A)q a 24 4uzrr)g O

- 1(1 4 1 )
— (o) ,
24\ PGB+ Ng " G+ Ny
-since ba(x) = —1/24,

4 R L4 4 xdx
f I dx=Ali —(B+N)gqlig— f
@ 3+ 3+ @+ne (3 + N) log x/(3 + N)

and
A ) : — )\ A—(3+N\)g T
£ 6(120)E (D))
= (3+M\)g 3q n=0 3q
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say, where R’’=1 or 0 according as 3q| n or 3¢{n. Clearly,
A—(3+\)g n n 1
g ( 3q [ 3q 2 +
A—(3+\)e n n 1
= - - + —)l
fgo ( 3q + [Sq] 2
since [—n/3¢]= —[n/3¢]+R’’—1. By Lemma 27,

S< —El;(A—(3+7\)q)(A—(3+>\)q+l)

1 3¢— 2\ 1
+o (4= - L)+ UGN+ D
6q 2 2

1 (3¢ — 2)?
= — (4 — \ - .
6q( 9 + 21g

Therefore

A [(a—\q) /3¢] a A A

xdx
<Ali-;——)\qliq-—

- 41
xe Alog x/\ A

143
a=\g Ym0 3v + A

1
—?(A+)\q+3q)(A — Ng — 3¢+ 1) log log ¢

1 A A

+——(Azlo lo — (3 4+ N\)2%g?log lo )—I——lo lo
p glog 7= ( )?¢* log log ¢ 3 loglog
1 4 xdx

6 (3+\)g IOg x/(3 + )\)

3+

3N+ 10.7322<f4 xdx n A )
12(3 + N)3 @+ne log /3 +2N)  log4/(3+ M)

+- L (1 4 4 1 )
(o]
8logg\ "~ (B+Ng B+ Ng

1
+5(A+>\q+34)(x4—%q—3q+-1)liq
(1+)\>(Al' 4 ) B+ Ngli
“\—-*T = - 1
2 3 ‘3 1

4 xdx L fA =N  (3¢g—2)?
- f + Ui q( + )
@ne (3 +N) log x/(3 +N) 69 24q
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1 A 1 A
= —6-A(A +2)loglog )\— — A2+ A4+ B3+ Ng)loglogg + (4 + 1)1:‘;

At A + (4A2+8A+<2x 3 + 4)
6 34
3\ + 10.7322 A P 4 1
- + (log + )
123+ N log (4/G+N)  8logg\ CG+Ng = G+ Ng

4 iy A3 + N2+ 3\ + 10.7322 fMM) xdx
q

xa \log z/\ | 123 + N log x

LemMA 31. Under the conditions of Lemma 29,

A [(a—ilsq] a [(a—2zﬂl3ql a
I + 143 ) '
( y=0 v+ 1 y=0 3+ 2

am=q
1 4 4 1 ~
< —6—A(A + 2) log (log— log ?) — — (24% + 24 4+ 9q) log log ¢

0.034
og A/5

q2 42 q (1 — x)dx U2 (2 — 3x)dx
+ log + ——-—) + 4? f e f
8 log ¢ 20¢2  20gq 172 log Ax a4 logAx

+ fm (1.1667 — 2.0472x)dx s gdg
1

+—(4A“’+8A+q’+4)+

+ 0.1016
i3 IOg Ax g/A IOg Ax

A
> + 1A+ l—-

2
Proof. By Lemma 30, the sum in question is less than

1 A A 1
?A(A + 2) log (log T log ?) 5 (242 4+ 24 4+ 9¢q) log log ¢

+(A+1)liA+(A+l)liA——iAlii—lAlii

2 6 4 6 5
+£q-(4A2+8A+q2+4)+——0-£4—
12¢ log (4/5)

q? Az 9 4 xdx 4 xdx
+ log + —) - f - P
8 log ¢ 20¢*  20q . log x 20 2 log x/2

45.7322 44 xdx 116.7322 415 xdx
a ) et .
48 ¢ logx 60 e

log « .
Since
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A 5 A 7 A
AliA+All—— —Ali—— —Ali—
2 6 4 6 S
4 4 4z g 5 AL g
iy x + 24 x 7 f x
a2 log = a4 log =z 6 a logx
(A xdx 4 g 45.7322 (AN xzdx  116.7322 (A5 xdx
[ e +=5 . J
log = 2¢ 2 log x/2 48 ¢« logz 60 « logz
4 xdx A2 xdy Al xdy -
= — - 3f — 2.0472
Al2 log x A/4 log-x Al5 lng
A5 xdx
- 0. 1016f
log x

we have the lemma by replacing x in the integrals by Ax.
6. The growth of smaller quadratic non-residues.

LemMA 32. Let p=1 (mod 4), p>10%, g,=3. Then 5¢ags<p.
Proof. Suppose on the contrary that 5¢2gs=p. Then
6)) g3 > (p/5)'*.

By Lemma 7 of I, we have gs <4p¥/2/(1—1/3)(1—1/5) =7.5pV2.
If ga<p'?/317.5, the lemma is immediate. If ga=p'?/37.5, by Lemma 26,

2 gs < 3p12.
- The lemma follows for g2 < $V%/15. Then we may assume that
3 g2 > p%/15.

By Lemma 10 of I, we have

£ E0-G)sE (2l7-2.6)
+2 (- [5)
- £ (E()-[g]ew-»
- ‘g’" (3)+ [%] (x(a) = 1))
+E (-5
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Denoting the first side of the inequality by S;, we have

et () £ () [ew
2 L) -5

(1) Suppose that p>108. Let us take 4 = [10p'2]. By Lemma 25,
So > (4%/3 — 414p1/2/81 — 0.21256p)/2
> (33.32 — 5.1 — 0.22)p/2 = 14p

4

Q)
since
A2/3 > (100p — 20p2)/3 = 33.32p + 4p/300 — 20pY2/3 > 33.32p.
By (3),
s <3 (i—i+ 1)<M+A

(6) omgs \q2  3q2 3q:
< 50(10p1% 4 1) + 10pY/2 = 510p/2 + 50
< 0.06p.

By Lemma 2 of I, we have, since g3 > (p/5)/2=104/512> 512,

S > (0.9607 li gs — 2.7) Z:)' ([i] - [—32{.])

By Lemma 27 and (2),

£(G-6D

> -—1——((A +2)(d - q5) — i(A +1- @)2)
2qs 3 2
=L(£A2+1A_iq:_q‘__l_)
2¢5\ 3 3 4 3
>£(29__1__§i_ S _ 1)
gs\ 3 3 X108 8 2X10¢ 6 X 108
29.957
> p.
qs

Then
() S>> (29.957/g5)(0.9607 li g5 — 2.7) > (28.779 Ui gs/qs — 0.03).
Finally, by Lemma 2 of I and Lemma 31,
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A a/q3
§'<1.0376 >, Y. (lia/v+ 1.85)

a=q3 vu=1,34 v

1 A A
< 1.0376{?A(A + 2) log (log—4— log ?)

1 li
— — (247 + 24 + 9g)) log log g + -liz—zi (442 + 84 + g3 + )
3

2
0.034 g 49 11— x)de
+ + g+ ——)+ar( [ S22
logA/5  8loggs 20g:  20gs 12 log Ax
U2 (2 — 3w)dx (U4 (1.1667 — 2.0472)dx
+[TEEEL
1/4 lOg Ax 1

/5 log Ax

Us  xdx A
+ 0.1016 )-I-liA-I-li—z—}

asralog Ax
A a
+ 1.91956 > ([f—] - [——-]).
G=gy qs 3¢s
Since

1 A A 1
?A(A + 2) log (log ) log ?> ~ % (242 + 24 + 9¢s) log log ¢

< 1.0001 A2<1 log (5/2)p'/ log 2p'/? 2 log log (p/S)l“)
(o]
(log p'/* — (log 5)/2)* [10p2]
1.0001 4 log 10 + log 2.5)(4 log 10 + log 2
< A2(log (log 10 + log 2.5)(Alog 10 + dog 2) | 0.0002)
(4 log 10 — (log 5)/2)2
1.0001 10.267 X 9.9035
A?%| log + 0.0002)
8.405622
1.0001
= A2(log 1.42 + 0.0902)
0.351
A? < 5.85p.
ligs 2 2 log g3 (100 2 X 10 32 1 )
44" + 84 4) < — —
12q3( 8+t 4 gs 3 Tixwo Tt ixie
< 34.0841 li q3p/qs,
0.034 0.3p1/2 0.3p

< = < 0.00001p,
log A/5 log (2pY2 — 1) 10%log (2 X 10* — 1) ?
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3 A? 9 9 102 X 5 9(5)1/2
qs (log + ) < 4 (log + (5) ’ )
8log gs 204§ 20q; 8 log (3p'/?) 20 20 X 104

(3.21889 + 0.0002)p

< _—
8 X 10.30895

< 0.36p
(since (p/5)1t <qs <3p1?).
1 (1 — x)dx 1 1 1
f < (1 — x)de = —— < 0.0116,
12 log Ax log 4/2J )2 8 X 10.81977

< 0.0217,

f‘” (2 — 3x)dx < 7 <

e logAx 32logA/4 32 X 10.126635

f”“ (1.1667 — 2.0472x)dx < ; (1.1667 _ 9 X 2.0472
178 log Az log 4/5 20 800

Us  xdx 0.00204
0.1016f < < 0.0001,
asra log Ax log g3

) < 0.00357,

. . . 10p12 2p
1WA+ 114/2<2li4<2X ®) <
log 10pY/2 — 2 103(log 105 — 2)
< 0.0003p

and

4 a a A4+ 1

> ([—] - [——-]) < A4+ + 4 < 0.0085p.

a=g; qs 3¢s 3q3
We have

S’ < 1.0376p{5.85 + 34.0841 i gs/qs + 0.00001p + 0.36
+ 102(0.0116 + 0.0217 + 0.0036 <+ 0.0001) + 0.0003}
(8) + 1.91956 X 0.0085p
< $(1.0376 X 10 + 0.02 + 1.0376 X 34.084) li g5/qs)
< $(10.40 + 35.366 I g5/qs).

By (4), (5), (6), (7), and (8), we have 14p <p(10.40+35.366 Ui gs/qs)
—(28.779 li g3/q5—0.03)p+0.06p, that is,

14 < 10.40 + 0.03 + 0.06 + 6.59 Ii ¢5/qs

< 10.49 + 6.59 X 1/(log (104/5/2) — 2) < 12,
which is absurd.

(%) For et=sx, It x<x/(log x—2). In fact, the inequality is true for x=e*, and d ls x/dx
=d(x/(log x—2))/dx.
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(2) Suppose 10°<p <108 We take 4 = [6p!2]. By Lemma 25,
So > (4%/3 — 414p1/2/81 — 0.21256p)/2

S
(5 > (12 — 0.004 — 3.0371 — 0.21256)?_/2 > 4.3731p.
By Lemma 27
NP i((A _ 2_,_ 1>2_ (A + 2)(A - 3Qz))
2q, 2 3
1 /72 4 (g2 + 2)?
- A? —A M 7
ZQ2(3 + + 4 )

1/1 (g2 + 2)? ) ( 4 (g2 + 2)”)
= — Az A —(124 —4 —
qz(3 + + 8 < g2 + 102 + 8p
(1’ + 1043)2)‘
200p2 /'

for ga>p/5¢s, and the function is decreasing for ga<gs<3p'? (by (2)). Since
10g;)? 1 10 1 1\2
(¢ + 10g,) (p+10)<__<51,,+ )<_(5,,,+ )
2001_>q: 2001: puU? 200 100
< 0.0253,
" (6") 8" < 60.1465¢s.

Since 11<(p/5)V2<gs<3p¥2<10% we have, by Lemma 18, S''>(li g5

—bi g —1) 224 ([a/gs] = [a/3gs]).
By Lemma 27 and (2), we have as in (1)

Y CINE (STCV ISV P

< 5¢s (12.004 +

2¢s 4 ¢ Pllz ?
? (23 s060 — 3 )5 2 (11 9984 — . 2),
4 qa 8 p

1/2
(—) [J = 0.002237,

lzqa 1 (10 /5‘ )1/2 1121.176 < 10.75
qs 103/5/2 447.21 447.21

< 0.02405.
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Therefore
() S" > p(li gs/gs — 0.0263)(11.9984 — 3q3/8p).
Finally, by Lemmas 17 and 31, we have
algs alqs
-3 EL(H<z ¥ oul
Gmggy  v=l, 8!! 14 amgy »=1,31» 14
1 A A 1
< —A(A + 2) log (log— log ?) vy (242 + 24 + 9¢5) log log gs
0.034 g 48 9
+ (log +
12 s logA/5 = 8loggs ZOq: 20g;
+ A’( 1 (1 — x)dx +f‘/’ (2 — 3x)dx
2 log Ax 174 log Ax
N fm (1.1667 — 2.0472x)dx 1/s
1

-+ 0.1016
15 log Ax asta log Az

<A2{1(1+ )1 (1 4, A) log log g5 + 22
(o] og — 1og — ) — log lo,
32 g | log - log — glog o+ —

+hq,(1+ 4 +1>+ 0.09
s AlogA/5

Sq: LA? 9 1 (1 — x)dx
+ log=— + ) +3 f R
842 lOg qs 20q: ZOQ3 1/2 IOg Ax

f”z (2 — 3x)dx f‘“ (1.1667 — 2.0472x)dx
1 1

4
+liA+li-?

/4 IOg Ax /5 lOg Ax
ro.to16 [ 2 )}
. a4 log Ax .

Since

—1 1 (l —1 —) < ! log (log 1500 log 1200)
og|1lo 0 og (lo
l g \ o8 I g 5 5999 g (log og )

< log (7.31323 X 7.09008) < 0.0007,
5999 og ( X ) (
6lid 6
< < 0.00016,
A2 5999(log 5999 — 2)
0.09 0.09

< < 0.00002,
AlogA/5 ~ 5999
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3p A? 9 3 36 9(5)/2
(log + ) < log— + )<0. 0038,
842log q; ZOqf 20qa 286 log103/5%/2 4 20108

11— x)dx 1
f < f (1—x)dx<——><——<00157
w2 logAx log A/2 8.0

U2 (2 — 3x)dx 1 12
f < f (2 — 3x)dx < 0.03,
1/4 log Ax log A/4J 14
f‘“ (1.1667 — 2.0472x)dx < 1 f”“
1/5 log Ax log A/s 1/6
s xdx 0.002 0.1016 X 0.002

< 0.1016 X < < 0.0001,
a/a log Ax log g¢s 6.103

(1.1667 — 2.0472x)dx < 0.005,

0.1016

and the total sum of the last four integrals is less than 0.0508, we have

1 A A
S’ < 12p 0 log (logz log ?) — log log ¢s

2
l1 Q3( g3
1+ +
s 5.999p1/2  143.952p

2

+ 0.0038 %+ 0. 15328}

8" + + 0. 00001)

(for 0.0007+0.00016+0.00002+3 X 0.0508 =0.15328).
By (4), (5), (6"), (7') and (8’), we have

1 y| 4
4.37131 < 12{—5- log logz log -—é—> — log log ¢s

2
li ¢13< 2 qs )
14 4+ 0.00001
T 599051 | 143.952p

2

+ 0.0038 % + 0. 15328}

— (li ga/gs — 0.0263)(11.9984 — 3¢3/8p) + 60.1465¢s/,
4.3731 1 <
12 2

(o] (o} og lo
g| g 5 g 108 g3

%5 (0.00014 + 0.00034 + 0.03825¢3/p + 0.00001)

K]
; 60.1465 gs
+ 0.0263( - 5;2;) + 0.0038¢3/p +

— + 0.15328.
12 ¢
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Since
li gs 1 1
< < < 0.24373,
qs loggs—2 4.103
we have
1 A A
0.3644 < —log (log — log —) — log log ¢s
2 4 5
+ 0.24373(0.00049 + 0.03825q/7)
+ 0.0263(1 — g3/32p) + 0.0038gs/p
+ 5.013¢s/p + 0.15328,
that is,
1 A A 2
0.3644 < Py log (logz— log -;) — log log g5 + 0.0123¢s/p
+ 5.013¢s/p + 0.1797.
Then

log 1 < —1 1 (I —1 -—-) 0.0123 2/
og lo 0 o o + 0.
(9) g 108 ¢3 2 g | 108 A g 5 qs/p

+ 5.013¢s/p — 0.1847.
Since (p/5)12< g3 <3p'?, we have

1 Y| A
log log ¢3 < Py log (logZ log —s—) + 0.0123 X 9

5.013 X3
+ BT 0.1847
1 4\?
< —2— log (log —;—) ,
that is,
(10) gs < (3/2)p*.

For p <108, we have by (10),

d <I . 0.0123 , 5.013q3)
dgs g 108 g3 » qs

b
1 0.0246g; 5.013
g3 log g3 ? ?
2 0.0246 3 5.013

>3pwlog ((3/2) X 109 piiz 2 b

567
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Therefore (9) gives

P\ 1 3 6
log log (—:5—) < 5 log <log? pY2 log 5 p”’)

0.0123 1/2\2 . 1/2
+ ((1> )+_5 013(1) — 0.1847
? 5 p \5

<'i log (logg— P12 log ._6_ pl/t)
2 2 ' 5

5.013
+ 0.00246 + ————— — 0.1847
108( )1/2
<Liog (1ogi 112 Tog — pm) — 0.1799
2 2 5
or
log (3p'/%/2) log (69'/%/5)
(log (p/5)*/%)*
log (3/2 X 10%) log (6/5 X 109%)
(log 103/5%/2)2
< log 1.393 < 0.332,.

0.35 < 0.1799 X 2 < log

< log

which is absurd.
Thus the lemma is established.
7. Proof of the theorem for E. A.

“THEOREM 4. For a prime p=17 (mod 24), there is no E.A. in R(p?) except
possibly for p=17, 41, 89, 113 and 137.

Proof. (1) Suppose gz =35. Since
40gs < 7.5 X 409172 = 300p12 < p

if >3002=90000, the theorem is true for »>90000. For p»<90000, it is
verified directly that the condition

40¢; < p '
holds except for p =17, f13, 233 and 257. But
233 = 2-5.q5 + 41.3 (gs = 11),
257 = 5¢3 + 74.3 (s =1,

by Lemma 15 (of I) the field R(p*?) has no E.A. except possibly for p=17,
113 and 137.

(2) Suppose g:75. For p>10° the theorem follows from Lemma 32 and
Lemma 16 (of I). For p £108, it is verified directly that the condition



1944] THE DISTRIBUTION OF QUADRATIC NON-RESIDUES. II 569

Sq2qs <
is satisfied except for p =41, 89 and 271. But
271 = 3g; + g2+ 34 (g2=17, gz = 11),
by Lemma 14 (of I) we have the theorem.

NaTiONAL TsING HuA UNIVERsITY,
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